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ABSTRACT 
Separability and entanglement for n-qubits systems are quantified by using Hilbert-Schmidt (HS) decompositions, 
in which the density matrices are decomposed into various terms representing certain 1-qubit, 2-qubits…, n-qubits 
measurements. The present method is more general than previous methods for bipartite systems, as it can be 
used for quantification of entanglement for large n-qubits systems ( 3n ≥  ). We demonstrate the use of the 
present method by analyzing 3-qubits GHZ states and 3-qubits general Bell-states produced by a certain 
multiplications of Braid operators, operating on the computational basis of states. Quantum correlations are 
obtained by measuring all qubits of these systems, while a measurement of a part of these systems gives only 
classical correlations. Quantification of entanglement, for these systems, is given by the use of HS parameters. 
PACS: 03.67.Lx; 42.50.Ex. 
 
1. Introduction  
Entanglement of qubits systems is at the core of quantum computation field [1-3]. Therefore, it 
is of utmost importance to quantify entanglement in such systems and to have a definite 
criterion when such systems become separable. While there are advanced methods for treating 
entanglement in bipartite systems [4-10], the procedure for quantifying entanglement and 
separability for larger n-qubits systems ( 2n > ) becomes more complex and less definite. I show 
in the present work a special method for quantifying entanglement for large n-qubits systems, 
based on Hilbert-Schmidt (HS) decompositions [11]. 
 I use in the present work the following definition of separability for bipartite system: A 
density state ρ  on Hilbert space A BΗ ⊗ Η  where A  and B  are the two parts of a bipartite 
system is defined as non-entangled-separable if there exist density operators  
( ) ( )
,
j j
A Bρ ρ  and 
0jp ≥  with 1j
j
p =∑  such that  
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( ) ( )j j
j A B
j
pρ ρ ρ= ⊗∑    .                (1)  
The interpretation for such definition is that for bipartite separable states the systems 
described by 
( ) ( )j j
A Bρ ρ⊗ are completely independent of each other. In the present work I use 
the following   generalized definition of separability for a system composed of three parts, ,A B  
and  C  : 
  
( ) ( ) ( )j j j
j A B C
j
pρ ρ ρ ρ= ⊗ ⊗∑   .                (2) 
  Consequent definitions can be given for larger n-qubits systems ( 3n > ).   
 I relate entanglement and separabilty properties of n-qubits systems to HS 
decompositions. Such decompositions relate the correlations of 2-qubits systems to certain 
one and two qubits measurements, the correlations for 3-qubits systems to certain one, two 
and three qubits measurements, for 4-qubits system to one, two, three, and four qubits 
measurements, etc. The multiplications in HS decompositions are, however, over Pauli 
matrices, which are not density matrices, and therefore are not related directly to 
entanglement. I show in the present work a special method by which density matrices for 2-
qubits, 3-qubits and 4-qubits systems, related to HS decompositions, are quantified for 
entanglement and separability,  by using  equations (1), (2), etc. The advantage of the present 
method is that it can be generalized to large n-qubits systems ( 2n > ), and is valid for both 
pure and mixed states. 
 
2.   Separability and entanglement of 2-qubits systems related to HS decompositions 
 The mean value of Hermitian operator O , in an Hilbert Space  H  described by a density 
matrix  ρ ,  is given by  
 ( )O Tr Oρ=    .                    (3) 
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We can find a set of operators O  so that (3) can be solved, uniquely for ρ . In order to 
determine the density operator of n-qubits system, 
22 1n −  real numbers are required (because  
ρ  is Hermitian, satisfying  1Trρ =  ). We need therefore 22 1n −  independent observable by 
which we can determine ρ (and for pure states 2ρ ρ= ). 
 For 2-qubits system denoted by A and B, we use the HS representation of the density 
matrix [11]:  
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )3
, 1
4 nm n mA B A B A B A B
m n
I I r I I s tρ σ σ σ σ
=
= ⊗ + ⋅ ⊗ + ⊗ ⋅ + ⊗∑
   
     .               (4)              
Here  I  denotes a unit matrix of dimension 2 2×  , ⊗  denotes outer product, the three Pauli 
matrices are represented by  σ

 , while  r

 and s

represent 3-dimensional parameters-vectors, 
and summations over Pauli matrices are given by  , 1,2,3m n =  . We find that a pure 3-qubits 
entangled state is described by 15 parameters:  6 for r

and s

, and 9 for
mn
t .  
 These coefficients can be obtained by tracing the multiplication of ρ by the corresponding 
term in (4). For example: 
          ( ) ( ){ }nm n mA Bt Tr ρ σ σ= ⊗                   .                                                                  (5) 
In order to obtain ( )ir A  or ( )js B  (i, j =1,2,3)  one needs to perform one measurement on a 
corresponding arm of a measuring device, while the parameters 
mn
t  , which might involve 
possible quantum correlations, are obtained by performing  measurements on two arms. 
By assuming the conditions 0r s= =   in (4), we get the density matrix: 
( ) ( ) ( ) ( )3
, 1
4 AB nm n mA B A B
m n
I I tρ σ σ
=
 
= ⊗ + ⊗ 
 
∑                                                                           (6) 
I find that the 2-qubits Bell states and the special Werner state analyzed in [2] are 
described by density matrices which are of this form. In order to find the entanglement 
properties of the density matrix (6), I define a matrix ABS by:  
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( ) ( ) ( )
( ) ( )( ) ( ) ( )( )
3 3
.
, 1 , 1
3
, 1
4 ) (
2
AB nm n m A n mA B B
m n m n
nm
n nm m n nm mA AB B
m n
S t I I t
t
I I sign t I I sign t
σ σ
σ σ σ σ
= =
=
= ⊗ + ⊗ =
 
− ⊗ − + + ⊗ + 
∑ ∑
∑
.               (7) 
We defined here for positive 
nm
t  (negative
nm
t ) ( ) ( )( )1 1nm nmsign t sign t= = − . Each 
multiplication in the square brackets on the right side of (7) is proportional to a separable 
density matrix. 
nm
t , is the probability for each separable density matrix. The sum of these 
probabilities in the general case is, however, not equal to 1. The present idea is to study the 
entanglement properties by comparing the matrix (6) (including multiplications of Pauli 
matrices which are not density matrices) with the matrix ABS  of (7). The difference between 
the density matrices ABρ  and ABS  is given by 
     ( ) ( ) 3
.
, 1
4 4 1AB n mA B
m n
S I I tρ
=
 
 − = ⊗ −  
 
∑  .               (8) 
We can complement (7) with (8), obtaining the matrix   ABρ by 
( ) ( ) 3
.
, 1
4 4 1AB n mA B
m n
S I I tρ
=
 
 = + ⊗ −  
 
∑       .                                                               (9) 
We find that ABρ  of (9) is separable density matrix under the condition  
3
.
, 1
1n m
m n
t
=
≤∑ .                 (10) 
 Eq. (10) gives a sufficient condition for separability for the density matrix (6), but not a 
necessary condition.  The condition for separability for the density matrix (6) can be improved 
by using singular value decomposition (SVD) which transforms the matrix 
.n m
t  into diagonal 
form:
.i i it t≡ . By using an additional analysis it has been shown [12] that a sufficient and 
necessary condition for separability for the density matrix (6) is given by  
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3
, 1
1i
m n
t
=
≤∑   .             (11)  
Assuming   0 ( , 1,2,3)
nm
t m n= = , 0s =  in (4), we get the density matrix corresponding 
to measurement of qubit   A in one arm of a measuring device: 
 ( ) ( ) ( ) ( ) ( ) ( ) ( ){ }1 14 4A A B A B A A BI I r I I r Iρ σ σ   = ⊗ + ⋅ ⊗ = + ⋅ ⊗           .         (12) 
Assuming   0 ( , 1,2,3)
nm
t m n= = , 0r =  in (4), we get the density matrix corresponding to 
measurement of qubit B in the other one arm: 
    ( ) ( ) ( ) ( ) ( ) ( ) ( ){ }4 B A B A B A B BI I I s I I sρ σ σ   = ⊗ + ⊗ ⋅ = ⊗ + ⋅                .             (13)                                                         
We find according to (12-13) that Aρ  and Bρ are separable density matrices not containing any 
quantum correlations.  
 The separability conditions for the density density matrix (4) have been studied by the 
use of Lorentz transformations [12-14]. 
 
3. Separability and entanglement properties of 3 qubits systems related to  HS parameters 
For 3-qubits system denoted by A, B and C we use the HS representation of this density 
matrix given by:  
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
3 3
, 1 , 1
3 3
, 1 , , 1
( ) ( )
1
8
A BA B c A B c A B C C
mn m n kl k lA B C A B C
m n k l
ij i jA C AB B C
i j
I I I r I I I s I I I f
t I o I
p I Gαβγ α β γ
α β γ
σ σ σ
ρ σ σ σ σ
σ σ σ σ σ
= =
= =
 
 ⊗ ⊗ + ⋅ ⊗ ⊗ + ⊗ ⋅ ⊗ + × ⊗ ⋅
 
  
= + ⊗ ⊗ + ⊗ ⊗ 
 
 
+ ⊗ ⊗ + ⊗ ⊗ 
  
∑ ∑
∑ ∑
    
                                                                                                                                   .                       (14) 
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Here  I  denotes the unit 2 2×  matrix, ⊗  denotes outer product, the three Pauli matrices are 
represented by  σ

 , ,r s
 
 and f  are 3-dimensional parameters vectors, and summations over 
Pauli matrices are over ( ), , , , , , , , 1,2,3m n k l i j α β γ =  . We find that a pure 3-qubits entangled 
state is described by 63 parameters: 9 for ,r s
 
, and   f , 27 parameters for ,
mn klt o , and ijp , and 
27 Gαβγ   parameters. These parameters can be obtained by tracing the multiplication of ρ by 
the corresponding term in (14). For example: 
    ( ) ( ) ( ){ }A B CG Trαβγ α β γρ σ σ σ= ⊗ ⊗    .                                                            (15) 
I find that the parameters ,r s
 
 and  f  are obtained by measurements in one arm of a 
measurement device, ,
mn klt o  and ijp , are obtained by measurement in the corresponding two 
arms of the measuring device, and Gαβγ  are obtained by the corresponding measurements in 
the three arms of the measurement device.  
Since we are interested in qubits systems which can give quantum correlations by 
measuring all qubits of the system, I will analyze, first, in the present Section a 3-qubits system 
with HS parameters corresponding only to 3-qubits measurement. For this special system we 
assume in (19): 0r s f= = =  , and 0mn kl ijt o p= = =  for any two-qubits  parameters. Then, we 
get the following density matrix:   
( ) ( ) ( ) ( ) ( ) ( )3
, , 1
8 ABC A B c A B CI I I Gαβγ α β γ
α β γ
ρ σ σ σ
=
 
= ⊗ ⊗ + ⊗ ⊗ 
 
∑  .         (16) 
It can be shown that the partial transposition (PT) given by Peres [9] when it operates on the 
density matrix (16) does not change its eigenvalues so that it cannot give information on 
entanglement [15]. We can, however, can get information about separability using our 
methods. In order to find the separability properties of (16), a matrix ABCS  is defined by:  
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( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ){ } ( ) ( ){ } ( ) ( ) ( ){ }
( ) ( ){ } ( ) ( ){ } ( ) ( ) ( ){ }
( ) ( ){ } ( ) ( ){ } ( ) ( ) ( ){ }
( ) ( ){ } ( ) ( ){ } ( )
3 3 3
, , , ,
, , 1 , , 1 , , 1
8 1 / 4ABC A A B CB C
A A B CB C
A A B CB C
A A B CB C
A A B CB
S G I I I G G
I I I sign G
I I I sign G
I I I sign G
I I I sign
αβγ α β γ α β γ α β γ
α β γ α β γ α β γ
α β αβγ γ
α β αβγ γ
α β αβγ γ
α β
σ σ σ
σ σ σ
σ σ σ
σ σ σ
σ σ
= = =
 
= ⊗ ⊗ + ⊗ ⊗ = ⋅ 
 
 + ⊗ − ⊗ − +
 
 + ⊗ + ⊗ + +
 
 
− ⊗ − ⊗ + +
 
− ⊗ + ⊗ −
∑ ∑ ∑
( ) ( ){ }CGαβγ γσ
 
 
 
  
 
 
 
  
   
            (17) 
One should notice that the multiplications, in each squared brackets of (17), are proportional 
separable density matrix. 
, ,
Gα β γ  , might be considered as a probability but in the general case 
3
, ,
, , 1
Gα β γ
α β γ =
∑  is not equal to 1. Here again, we study the separabilty properties of ABCρ , by 
comparing (16) with the matrix  ABCS  given by (17). The difference between the density 
matrices ABCρ  and and the matrix ABCS  is given by 
( ) ( ) ( ) 3
, ,
, , 1
8 8 1ABC ABC A B CI I I Gα β γ
α β γ
ρ ρ
=
 
 − = ⊗ ⊗ −  
 
∑  .             (18)     
We find that ABCρ  of (18) is a separable density matrix under the condition  
3
, ,
, , 1
1Gα β γ
α β γ =
≤∑   .                  (19) 
Eq. (19) gives a sufficient condition for separabilty but it is not a necessary condition. This 
condition for separability can be improved by using analytical methods related to high order 
SVD   [15]. The expression 
3
, ,
, , 1
Gα β γ
α β γ =
∑  can be referred as the 1l  norm, and this norm can be 
minimized under orthogonal transformations as this norm is not invariant under orthogonal 
transformations [15].  
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4.  Entanglement properties of GHZ and iB   3-qubits states related to HS decompositions 
We denote in the standard basis 
1
0
0
 
=  
 
 and 
0
1
1
 
=  
 
 as the two states of each qubit. 
Then, the computational basis of n-qubits states is given by ( 1,2, , )Ci i n= ⋅ ⋅ ⋅  where Ci  can 
be described by n-dimensional vectors where in the i’th entry we have 1 and all other entries 
we have zero. In the standard basis, the density matrix of (4) is described by  4 4×  matrix.  A 
GHZ entangled state [16-17] can be described as: 
 
1 1 1 0 0 0
2
A B C A B Cψ +=   .                  (20) 
By using the density matrix for this state, and (14) we get by straight forward calculations [11]:  
 122 212 221 33 33 33 1111 ; 1G G G t o p G= = = − = = = =       .                   (21) 
All other parameters are equal to zero. I find that the quantum correlations in the GHZ state are 
included in the G αβγ  parameters which are obtained, by measuring all qubits of the system and 
in the parameters 33 33 33, ,t o p  obtained by measurements in two arms of the device. GHZ states 
are entangled as by operating on their density matrices with PT transformations [9] we get 
negative eigenvalues. The density matrices of the GHZ states can be considered as maximally 
entangled density matrices as by tracing these density matrices over qubit(s) we get completely 
separable density matrices. We show here another set of maximally entangled states which, so 
far, has not been treated by other authors. 
 We can use for qubits systems the group 
n
B discovered by Artin [18, 19], where 
the generator operators  1 2 1, , , ng g g −⋅ ⋅ ⋅   satisfy the nB Braid-group relations: 
              
1 2 1
1
, , , | 1 ;
1 ;
n i j j i
n
i j i j i j i i
g g g g g g g i j
B
g g g g g g i j g g
−
−
⋅ ⋅ ⋅ = − >
=
= − = = Ι
           .                            (22) 
For the 
n
B  operators   1 2 1, , , ng g g −⋅ ⋅ ⋅ , operating in our system on the n-qubits   system, we use 
the representation: 
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1
2
3
1
;
;
;
n
g R I I I
g I R I I
g I I R I
g I I I I R
−
= ⊗ ⊗ ⋅⋅ ⋅⊗
= ⊗ ⊗ ⋅⋅ ⋅⊗
= ⊗ ⊗ ⋅⋅⋅ ⊗
⋅
⋅
⋅
= ⊗ ⊗ ⋅⋅ ⋅ ⊗ ⊗
   .                (23) 
Here ⊗  denotes outer product, R  is the unitary matrix given for our system by [20]: 
1 0 0 1
0 1 1 01
0 1 1 02
1 0 0 1
R
 
 
− =
 
 
− 
    .                   (24) 
The   matrix  R  satisfies also a special Yang-Baxter equation given by:   
 ( ) ( ) ( ) ( ) ( ) ( )R I I R R I I R R I I R⊗ ⋅ ⊗ ⋅ ⊗ = ⊗ ⋅ ⊗ ⋅ ⊗   .              (25) 
Here the dot represents ordinary matrix multiplication, and where ( )R I⊗  and ( )I R⊗  are 
matrices of 8 8×  dimensions. The unitary R  matrix can be considered in quantum computation 
as a universal gate related to the CNOT gate by local single qubits transformations. It is quite 
easy to verify that the group relations (22) are satisfied by using   (23-24). 
The idea of using the 
n
B  operators [21] is that by operating with the multiplication 
operator 1 2 3 1ng g g g −⋅ ⋅ ⋅ ⋅ ⋅  on the computational n-qubits states ( 1,2, , )Ci i n= ⋅ ⋅ ⋅  we will get 
entangled states ( 1,2, , )iB i n= ⋅ ⋅ ⋅ : 
1 2 1i nB g g g Ci−= ⋅ ⋅ ⋅ ⋅  .                  (26) 
These states include entanglement properties analogous to those of the GHZ states [21]. One 
should take into account that ( 1,2, , 1)ig i n= ⋅ ⋅ ⋅ −  in (26), operate consequently on the qubits 
10 
 
, 1 ,2,1n n − ⋅ ⋅⋅ , and the matrix R  produces, entanglement between qubits  pairs 
( 1, ) (2,3),(1,2)n n− ⋅⋅⋅ ,consequently. 
For getting these general Bell entangled states we operate on computational states of 
the 3-qubits states with the operator  
 ( )1 2 ( )g g R I I R⋅ = ⊗ ⋅ ⊗  .                   (27) 
 Similarly get the 4-qubits general entangled Bell states, by operating on computational states 
of the 4-qubits with the operator  
( ) ( ) ( )1 2 3.g g g R I I I R I I I R⋅ = ⊗ ⊗ ⋅ ⊗ ⊗ ⋅ ⊗ ⊗    .                                                (28) 
In this way we get the present general iB  Bell entangled states for 3-qubits, 4-qubits, etc.  
systems. One should take into account that 1 2g g⋅ is a matrix of 8 8×  dimension operating on 8 
dimensional vectors, while 1 2 3g g g⋅ ⋅  is a matrix of 16 16×  dimension operating on 16 
dimensional vectors of the computational basis of states.  
The explicit expression for the 3-qubits ( 1,2, ,8)Bi i = ⋅ ⋅ ⋅  states have been derived in 
[21] and are given in (29). One can easily check that the quantum states 1 , 2 , , 8B B B⋅ ⋅ ⋅  
form another orthonormal basis of states for the 3-qubits system which have special 
entanglement properties. Any one of the 3-qubits 
n
B  entangled states includes a superposition 
of 4 multiplications with equal probability (i.e., real amplitudes are either 1 or -1), and each 
state in the same multiplication belongs to a different qubit. This property is analogous to the 
2-qubit Bell states property, where we have two multiplications with equal probability and the 
first and second state in each Bell state belong to the first and second qubit, respectively.  
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2 1 0 0 0 0 1 1 1 0 1 1 1 0 ;
2 2 0 0 1 0 1 0 1 0 0 1 1 1 ;
2 3 0 0 1 0 1 0 1 0 0 1 1 1 ;
2 4 0 0 0 0 1 1 1 0 1 1 1 0 ;
2 5 0 0 1 0 1 0 1 0 0 1 1 1 ;
2 6 0 0 0 0 1 1 1 0 1 1 1 0 ;
2 7 0
A B C A B C A B C A B C
A B C A B C A B C A B C
A B C A B C A B C A B C
A B C A B C A B C A B C
A B C A B C A B C A B C
A B C A B C A B C A B C
A
B
B
B
B
B
B
B
≡ − − −
≡ + + −
≡ − + + +
≡ + + −
≡ − − + −
≡ − + +
≡ 0 0 0 1 1 1 0 1 1 1 0 ;
2 8 0 0 1 0 1 0 1 0 0 1 1 1 .
B C A B C A B C A B C
A B C A B C A B C A B CB
+ − +
≡ − + +
              (29)            
Let us present the HS decompositions for some Bi  entangled states by the use of (14): 
113 311 131 22 22 22 333
333 311 131 22 22 113 22
22 131 22 22 333 113 311
1 : 1 ; 1 ;
3 : 1 ; 1 ;
7 : 1 ; 0 1 .
For B G G G t o p G
For B G G G t o G p
For B t G p G G G
= = = − = = = =
= = = = = − = =
= = = − = = = =
                           (30) 
I find the interesting point that that the absolute values of these parameters are the same for 
all pure 3-qubits Bi  entangled states, and only some of the signs are different. Out of the 63 
HS parameters only 7 HS parameters are different from zero. The correlations for the Bi  
states of a 3-qubits system are similar to those of the GHZ states. 
5. Conclusion 
Separability, and entanglement for large n-qubits systems (n>2) can be quantified by using HS 
decompositions, following the present methods. For 2-qubits systems the present analysis is in 
agreement with previous analyses. We have given explicit calculations for 3-qubits systems 
including the GHZ and the present general Bell states referred as the Bi  states. The present 
methods can be generalized in a straight forward way to larger n-qubits system (n>3). 
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